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A very important question in many practical situations is to known if 
there exists a mean value of a bounded solution x of a differential equation 
x’ =f(t, x), By the mean value we understand the limit lim,,, (l/T) 
]lx(f) dr if it exists. Eberlein in [l] has found a class of functions which 
have the mean value-the weak almost periodic (wap) functions. A bounded 
continuous function x is weak almost periodic if the set of its translations 
(x,: s E R} is relatively compact in the weak topology of the space of 
bounded continuous functions on R. 
The purpose of this paper is to examine the properties of wap solutions of 
the differential equation. We demonstrate theorems on the existence of wap 
solution of the differential equation with the weak almost periodic right-hand 
side. 
NOTATIONS AND BASIC PROPERTIES OF WAP FUNCTIONS 
We denote by Cd the linear space of all continuous and bounded functions 
x defined on the real line R with values in Rd, endowed with the norm ]]x]] = 
su~{lWl: c E R 1, where /. ] is a norm in R d. For SE R, x, E Cd, xs(t)= 
x(t + s). C* is the adjoint of C and (C*)” is its d-dimensional product. If 
u = (u’ )..., ud) E (C*)d, x = (xl,..., xd) E Cd, then vx = (u’x’,..., udxd) E Rd. 
(a(n)}, {p(n)} denote strictly increasing sequences of natural numbers. {xlcn)} 
is a sequence of translations of x. xtcn) --‘y denotes that {x,(,)} converges 
weakly to y in Cd. 
DEFINITION 1 [ 11. A function x E Cd is weak almost periodic (wap) if 
the set of its translations {x,: s E R) c Cd is relatively compact in the weak 
topology of Cd. The set of all wap functions is denoted by ( WA)d. 
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It is obvious that x = (xl,.,., xd) E Cd is wap iff each of its components xi 
is wap. The equivalence between the property of compactness and sequential 
compactness for closed sets in the weak topology of a Banach space gives 
THEOREM 2. x E Cd is wap function I# for every sequence {t(n)} c R 
there exist a subsequence {t(a(n))} and a function y E Cd such that 
-%I(“)) - y. That is, vxltatn)) --t vy for every v E (C*)d. 
Almost periodic functions, continuous functions vanishing at infinity and 
positive definite functions are examples of weak almost periodic functions 
[ 11. The following properties of the set ( WA)d are the most interesting for 
us: 
THEOREM 3 [ 11. The set ( WA)d is a closed subalgebra of Cd invariant 
with respect to translations of functions. 
THEOREM 4 [ 11. If x E ( WA)d, then x is unt@rmly continuous and there 
exists lim,,, (l/7’) lr x(s + t) ds uniformly in t and is a constant function. 
In order to talk about differential equations we have to define the notion 
of weak almost periodicity of the function (t,p) *f(t,p). Denote by 
C(R x D, Rd), where D c Rd is an open set, the set of all continuous 
functions defined on R x D with values in Rd and bounded on every set 
R x K, where K c D is a compact set. For f E C(R X D, Rd), s E R, f, is a 
translation off, i.e., f,(t,p) =f (t + s,p). 
DEFINITION 5. A function f E C(R x D, Rd) is said to be weak almost 
periodic in t uniformly for p E D, if for every sequence {t(n)} c R there exist 
a subsequence {t(a(n))} and a function g E C(R x D, Rd) such that for every 
v E (c*)d, vfi(u(n))(*9 P) + vg(*, P) uniformly for p on every compact Kc D. 
We use the notation &a(n)) - g, for such {ft(a(nn} as in the above definition. 
LEMMA 6. A function f E C(R x D, Rd) is weak almost periodic in t 
uniformly for p E D tf and only if f ( . ,p) E Cd is weak almost periodic for 
each p E D and the mapping D 3p+f(.,p) E Cd is continuous. 
Proof. Suppose f is weak almost periodic in t uniformly for p E D. Then 
by Definition 5 and Theorem 2, f(.,p) is weak almost periodic for each 
p E D. Assume p --t f (-, p) is not continuous at p,, E D. Then there exist E > 0 
and sequences {t(n)} c R, {p(n)} c K c D, K compact, p(n) -+p,, such that 
If(t(WW -f(t(~hJl 2 4.5 for all n. (*I 
By the assumption on f there are a subsequence {t(a(n))} and a function 
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g E C(R x D, Rd) such that ft(a(nn -g. Thus for u E (C*)d equal to Dirac 
measure at zero and compact K we have I~ft~,~~,,(.,p) - ug(.,p)l < E for 
n > n, and each P E K. Hence If,~,~,,,(o,~(@)) -d0,p(a(n))l < E and 
Ifi(a(nbJO,po) - g(O,p,J < E for n > n, . Now by the continuity of g at (O,p,) 
there is 1 g(O,p(a(n))) -g(O,p,)J < E for 12 > n, > n,. The three last 
inequalities contradict (*). 
To prove the second part of the lemma, let {t(n)} be a sequence of real 
numbers. Let us take a dense, denumerable subset {p(i)} of D. Since 
f(.,p(i)) E (WA)d, then by using the diagonal method of choice we can 
extract a subsequence {t(a(n))} so that f,,,,,,,(.,p(i)) -g(.,p(i)) for every 
p(i), where g(.,p(i)) are some continuous, bounded functions. Now, by 
Mazur theorem we construct a sequence {h,} of convex combinations of 
Lfi&0,1 such that { h,( ., p(i))} converges uniformly on R to g(.,p(i)) for 
every p(i). This fact and the continuity of p-+f(.,p) imply that {h,(.,p)} 
satisfies the Cauchy condition uniformly for p on compact subsets of D. 
Thus there exist g(.,p) E Cd, p E D such that for every compact K c D, 
lim,,, sup,,,Ijh,(.,p)-g(.,p)JI =O. Hencep+g(.,p) is continuous. Now 
we can easily verify that for every v E (C*)d, u&(,,))(.,p)+ vg(.,p) 
uniformly for p on compact subsets of D. 
LEMMA 7. If a mapping D 3p -+ f (a,~) E Cd is continuous, then for 
every compact K c D and E > 0 there exist p, ,...,p,,, E K and polynomials Pi 
on Rd, i= ,..., m) such that 
fCt9 P) - 2 .fCt7 Pi) pi(P) < & forevery tER,pEK. 
i=l 
Proof: Let K be a compact and E > 0. The set {f (.,p):p E K} is 
compact, so it has a finite s/2 net, {f(.,pi): i = l,..., m}. Put Vi = {p: 
Ilf(*, P) -.f(*Y Pi)11 < E/2). LA gi, i = 19~ m be a partition of unity subor- 
dinated to the cover {V,} of K. Then we have If(t,p) - Cy!, f(t,pi) gi(p)J < 
s/2. Now we can obtain the thesis of the lemma approximating i on K by 
polynomials Pi, i = l,..., m. 
LEMMA 8. If f E C(R x D, Rd) is weak almost periodic in t uniformly 
for p E D, y E (WA)d and the range of y is in a compact set K c D, then 
h E ( WA)d, where h(t) = f (t, y(t)). 
ProoJ: If E > 0 is given, then by Lemma 7 there is g E Cd,. g(t) = 
CE”=lf(t,Pi>Pi(Y(t)) such that I h(t) -g(t)1 < E on R. Since f(.,pi) E (WA)d, 
Pi are some polynomials and (WA)d is the subalgebra of Cd, then 
g E (WA)d. Since E is arbitrary and (WA)d is closed set, h is weak almost 
periodic. 
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LINEAR WAP SYSTEMS AND A PERTURBATION RESULT 
We are going to consider a linear differential system with constant coef- 
ficients 
x’ = Ax +f(t), (1) 
where A E Rdxd and f E Cd. 
THEOREM 9. If all eigenvalues of A have the real part dtflerent from 
zero and f E ( WA)d, then Eq. (1) has exactly one bounded weak almost 
periodic solution. 
Proof. The unique bounded solution of (1) is given by the formula 
x(t) = j;: G(t - s> f 6) ds = Kf W, 
where G: R -+ Rdxd is of class C” for t # 0, G’(t) = AG(t), [G(t)1 < ce-“*I 
for t # 0, c, a > 0, G(O+) - G(O-) = I [2]. The operator T: Cd -+ Cd is linear 
and bounded. Since x, = Tfs for every s E R, the set {x,: s E R} is relatively 
weakly compact in Cd because of the same property of {f,: s E R}. 
Now we consider a system of the form 
x’ = Ax + f (t, x). (2) 
THEOREM 10. Let the real part of every eigenvalue of A be dtflerent 
from zero. Suppose f E: C(R x Rd, Rd) is weak almost periodic in t uniformly 
for p E Rd and satisfies a Lipschitz condition 1 f (t,p) -f (t, q)l Q N 1 p - q 1 
with N suficiently small. Then Eq. (2) has exactly one bounded weak almost 
periodic solution. 
Proof: We consider the mapping S of the space ( WA)d into itself which, 
to any y E (WA)d, assigns the unique wap solution of the linear system 
x’ = Ax + f (t, y(t)). S is given by the formula 
(Sy)(t) = j’ O” G(t - s) f (&y(s)) ds. 
-cc 
The estimate ]G(t)1 Q ce-““I and the Lipschitz condition imply that S is a 
contraction if (2c/a)N < 1. The fixed point of S is the weak almost periodic 
solution of Eq. (2). 
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For fE C(R x D, Rd), let H(f) denote the set of all weak sequential 
cluster points of {f,: s E R}, that is, H(f) = { g E C(R x D, Rd): 3{t(n)) c R, 
f r(n) - g}. In this section we demonstrate the following. 
THEOREM 11. Suppose f E C(R x D, Rd) is weak almost periodic in t 
uniformly for p E D. If for every h E H(f) the equation 
u’(t) = W, u(t)), tER, (3) 
has at most one solution with values in a compact subset of D and ifx E Cd 
is a such solution for h = f, then x is weak almost periodic function. 
In order to prove the theorem it will be necessary to establish some 
properties of H( f ). 
LEMMA 12. If f E C(R X D, Rd) is weak almost periodic in t uniformly 
for p E D, then so is every function in H( f ). 
Prod Let g E H(f ), .t& - g. By Lemma 6 and Theorem 3 we have 
g(.,p) E (WA)d for each p E D. For fixed p, q E D, we have 
I go, P) - s(t9 4)l = ;\& IL&P) -fsc,,(tv 4)l < Ilf (*9P) -f (*9 9111 
for every t E R. Hence p + g(.,p) is continuous. By Lemma 6 the proof is 
complete. 
LEMMA 13. Zf f E C(R X D, Rd) is weak almost periodic in t uniformly 
for p E D, then g E H(f) implies H(g) c H(f ). 
g 
Przfh ;;l h E H(g). There exist sequences {r(n)}, {s(n)} such that 
r(n) 3 s 1 - g. Hence g,,,,W + WA and fscnj+rdf9P) +g,&P) 
as n + 00, on R x D for every r(k). Now we can extract a subsequence 
Ma@))} such that fstatkBj+dt9P) +h(t,p) on R x D, as k+ og. Since f is 
weak almost periodic, there is a subsequence {s(c@(k))) + r@(k))} = {r(k)} 
such that frtkJ - h. 
Remark 14. A sequence {x,,} c Cd converges weakly to y E Cd if and 
only if it is bounded and vx, -+ vy for every v E (C*)d, v = (u,..., flu); P is a 
multiplicative functional. 
This fact follows immediately from the Stone-Gelfand-Neumark theory of 
maximal ideals and the characterization of weak convergence in C(Q), where 
R is a compact Hausdorff space [3]. 
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Notation. For f~ C(R x D, Rd) and v E (C*)d, f denotes the function 
fh PI = Qx*? PI.. 
LEMMA 15. If f E C(R x D, Rd) is weak almost periodic in t uniformly 
for p E D and v E (C*)d, v = (u,...,p), ,u is a multiplicative functional, then 
fCWf)* 
If .fL - g, then &,,, - 6 
Proof The set of Dirac measures (6,: s E R} c (C*)” is dense in the set 
of all linear, continuous, multiplicative functionals, in the weak star topology 
of (C*)d. Let G = {(t(k),p(k))} be a dense denumerable subset of R x D. 
Then for every j and (t(l), p(l)),..., (t(j),p(j)) there is JScj, such that 
Iv&,(.,p(k)) - J,,j,f,c,,(+,P(k>)l < l/j for k = L-J. Hence we can 
construct a sequence {6,,j,} such that _6,,j,f,(.,p)~ vf,(-,p) for every 
(t,p) E G. But this means that fscj,(t,p) +f(t,p) on G. Extracting a subse- 
quence we obtain fs(o(j)) -f 
In order to prove the second part of the lemma it is enough to notice that 
Cd 3y + y’E Cd is a linear isometry. 
LEMMA 16. Suppose that the mapping D 3p-f (-,p) E Cd is 
continuous, y E Cd and the range of y is in a compact subset of D. Assume 
v E (C*)d, v = (u,..., ,u); ,u is a multiplicative functional. Then f(s, j(s)) = vh, 
for all s E R, where h(t) = f (t, y(t)). 
Proof. Let t, rp, r,u, x be mappings given by the formulae 
7: C” + (C*)d, 701) = @,..., PI>, 
x: C” + Rd, 
qC”+Rd, (PtP) = dP)Y,, 
v:C*xRd+Rd, Wcu,P) = 4t)f,(*7P)* 
Consider the weak star topology in C”. Then x, cp, w are continuous 
mappings. Hence p+ I&, (p(p)) is also continuous. On the set of Dirac 
measures I&, cp@)) =x(u) and therefore this equality is also true on the set 
of multiplicative functionals. 
Now we are able to prove Theorem Il. 
Proof. Let Kc D be a compact such that x(t) E K for all t E R. Let 
{t(n)} c R be a sequence. Then there exist a subsequence {t@(n))} and a 
function g E Cd such that ficacnn - g and {x~(~(~))} converges uniformly on 
compact subsets of R to a function y E Cd, y(t) E K for t E R. We shall 
demonstrate that xlcutnjj - y and this fact will complete the proof. 
Let us suppose that {xlcatnjj } does not converge weakly to y. Then, by 
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Remark 14, there exists a multiplicative functional ,u, such that {vx~(,(“))} 
does not converge to vy, where u = @,...,,u) E (C*)d. From the definition of 
g and y it follows that y’ = g(t, y) and hence by Lemma 6 and the relation 
U( yi) = (~3’ (s) we obtain 
( fl’ (6 = g’(h y’(O) (4) 
for t E R. For every t there is a sequence of Dirac measures {r(n)} such that 
YG + +>> = 0) Y, + v’y,. Hence y’(t) E K for t E R. The same reasoning as 
above implies 
(x’)’ (t) =S(t, x’(q), (5) 
x’(t) E K, t E R. Since {ux~(,(,)) ) does not converge to vy, so there exist E > 0 
and a subsequence {t(a(/?(n)))} = {r(n)} such that 
uxr(n) - VI>& for all n (6) 
and {&,,} converges uniformly on compact subsets of R to a function 
z E Cd. By Lemma 15, &,,) - g’ and g’E H(f). This and (5) imply 
z’(t) = g’& z(t)>, (7) 
z(t) E K for t E R. By (4), (7) the functions z and y are solutions in K of the 
same equation and then by the assumption of our theorem z =y. On the 
other hand, from (6) we have lz(0) -y’(O)1 = lim,,, I($,,,,, (0) - uy 1 = 
lim n+cc I Y(n) - uy 12 E. This gives a contradiction so x~(,(,)) - y. 
AN APPLICATION 
In order to illustrate Theorem 11, we consider a linear system which 
satisfies an exponential dichotomy. 
An equation x’ = A(t)x satisfies an exponential dichotomy if there exist a 
projection P and positive constants (T, u2, K, , K, , so that 
IX(t) PX-l(s)1 Q K,e-“l(f-s), t>s, 
IX(t)(l- P)X-‘(s)] < KZe02+s), t < s, 
for a fundamental matrix solution X. 
If A E CdXd and the homogeneous system satisfies an exponential 
dichotomy, then a nonhomogeneous system 
x’ = A (t)x +f(t) 
has only one bounded solution for every fE Cd (see [2]). 
(8) 
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THEOREM 17. Assume x’ = A(t)x, A E CdXd weak almost periodic, 
satisJes an exponential dichotomy. If B E H(A), then x’ = B(t)x satisfies an 
exponential dichotomy with the same projection and same constants. 
In order to prove the theorem it is enough to notice that in the proof of 
Theorem 7.6 in [2], pointwise convergence of a sequence of translations of A 
is sufficient. 
Now, by Theorems 17 and 11, we have immediately the following 
THEOREM 18. Suppose x’ = A(t)x satisfies an exponential dichotomy 
with A E Cd Xd weak almost periodic function. If f E ( WA)d, then Eq. (8) has 
the unique weak almost periodic solution. 
Proof: By Theorem 17 for every B E H(A) and g E H(f) the equation 
x’ = B(t)x + g(t) has only one bounded solution. Hence by Theorem 11 it is 
a weak almost periodic function. 
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